We theoretically show that the dipole force of an ensemble of quantum emitters embedded in a dielectric nanosphere can be exploited to achieve near-field optical levitation. The key ingredient is that the polarizability from the ensemble of embedded quantum emitters can be larger than the bulk polarizability of the sphere, thereby enabling the use of repulsive optical potentials and consequently the levitation using optical near-fields. In levitated cavity quantum optomechanics, this could be used to boost the single-photon coupling by combining larger polarizability to mass ratio, larger field gradients, and smaller cavity volumes while remaining in the resolved sideband regime and at room temperature. A case study is done with a nanodiamond containing a high-density of silicon-vacancy color centers that is optically levitated in the evanescent field of a tappered nano-fiber and coupled to a high-finesse microsphere cavity.
I. INTRODUCTION
Both a two level atom and a lump of dielectric material are polarizable objects whose motion can be manipulated with optical light [1], a feature that has been exploited in the fields of ultracold atoms [2] and optical tweezers [3] . A recent experiment [4] has shown that the force from quantum emitters embedded in a dielectric nanosphere can be observed-even in liquid. In this article we go a step further and argue that it is experimentally feasible to have a scenario where the optical dipole force due to the embedded quantum emitters is stronger that the bulk dipole force. This would allow to use repulsive optical potentials for dielectric nanospheres, by using the internal structure of the quantum emitters, to trap them in evanescent fields analogously to what can be done with ultracold atoms [5] . We propose to use this for dispersive cavity quantum optomechanics [6] with optically levitated nanospheres [7] [8] [9] [10] [11] [12] [13] . In addition we show that it might be possible to reach the so-called strong single-photon cooperativity regime [6, [14] [15] [16] [17] [18] [19] , in the resolved sideband regime [6] , by coupling the levitated nanospheres to a high-finesse optical micro cavity, at room temperature.
In dispersive cavity quantum optomechanics [6] , the single photon coupling g 0 is proportional to αb/(V c M 1/2 ), where α is the real part of the polarizibility, b is the gradient of the cavity field mode, V c is the cavity volume and M the mass of the mechanical oscillator. Our proposal aims at simultaneously combining salient features that have been demonstrated in independent experiments: i) placing a dielectric nanobject in the near-field of a microcavity to have larger b and smaller V c [20] , ii) use a set of N quantum emitters to have larger α/M 1/2 ∝ √ N [21, 22] , and iii) optically levitate a * Electronic address: mathieu.juan@mq.edu.au nanosphere in high vacuum to have a high mechanical quality factor at room temperature [13] with a sufficiently large trap frequency to enable cavity cooling in the resolved sideband regime [11] . This conjunction of features could be used for observing non-Gaussian physics of mechanical nanooscillators [14] [15] [16] [17] [18] [19] , measuring short-distance forces [23] , and migrating to quantum optomechanics cutting-edge experiments and proposals done with ultracold atoms in near-fields [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . We remark that the increase of the polarizability of diamond by doping it with a high-density of color centers might also be used to boost the optomechanical coupling in setups using clamped cantilevers, membranes, or photonic crystals made of diamond [34] [35] [36] . See [37] for similar ideas. The paper is organized as follows. In Sec. II we discuss and compare the polarizability of quantum emitters to the bulk polarizability of the nanosphere. We show that for a particular type of color centers in diamond, the polarizability of the quantum emitters can overcome the bulk polarizability. Assuming this regime, we describe in Sec. III the optical trap obtained using a bichromatic field supported by a nano-fiber. In Sec. IV we show that by placing a micro-cavity in close proximity to the nanosphere it is possible to achieve both the resolved sideband and the strong single-photon quantum optomechanical cooperativity regime. We conclude in Sec. V.
II. QUANTUM EMITTER POLARIZABILITY

A. General expression
Let us compare the polarizability of a quantum emitter (called quantum polarizability hereafter) with the bulk polarizability of a dielectric nanosphere. In general terms, the time-averaged dipole force describing the interaction of a monochromatic field E(r, t) of frequency ω with a particle of polarizability α is given by [1]:
where E 2 0 (r) = 2 |E(r, t)| 2 (here · denotes time average). In the case of a bulk dielectric nanosphere of refractive index n and radius R, the polarizability α s is given in the point dipole approximation by
where ǫ 0 is the vacuum permittivity and V = 4πR 3 /3. The validity of the point dipole approximation, usually assumed by the condition R ≪ 2πc/ω for a focused Gaussian beam, can be verified in the context of near-fields using a multimodal decomposition for the near-field [38, 39] and the dielectric sphere. Using typical experimental parameters one can show that the interaction can be very well approximated by the point dipole term.
For a two-level state quantum emitter with transition frequency ω 0 , dipole moment d, Rabi fre-
, spontaneous emission inside the dielectric nanosphere Γ ≈ nΓ 0 [40] , and transverse decay rate γ = Γ/2 + γ c , where γ c accounts for the additional coherence decay (inhomogeneous broadening), the quantum polarizability α q is given by [41] 
Here ∆ ≡ ω − ω 0 is the detuning and
2 )] the saturation parameter. This description uses the rotating wave approximation, which is valid provided |∆| ≪ ω 0 , and the Born-Oppenheimer approximation, which is valid provided the motional dynamics are much slower than the electronic dynamics of the quantum emitter. Note that α q can be maximized to
The optimal ratio between the two polarizabilities η ≡ |α q /α s | can thus be written as
Assuming that in the nanosphere one has a number of embedded identical quantum emitters given by N = ρ q V , where ρ q is the volume density of emitters, and that the variation of fields within the nanosphere is negligible such that each quantum emitter identically interacts with the field (point-particle approximation), the total quantum polarizability will be larger than the bulk polarizability when N η > 1. Alternatively, an effective complex
Ratio N η (solid dark line) of the total quantum polarizability over the dielectric polarizability for a nano-diamond with a high density of SiV. Larger intensities both increase the saturation of the quantum emitters and the internal temperature (solid light line) leading to a reduction of the quantum polarizability. The properties of the nanodiamond and the SiV are listed in Appendix A 1 and A 2 respectively. We remark that since the SiV centers are embedded in the ND, we accounted for the Lorentz local field correction [51] , (n 2 +2)/3, for the field inside the ND.
refractive indexn can be defined from the complex polarizabilityᾱ q of the ensemble of emitters by using the Lorentz-Lorenz relation ρ qᾱq /(3ǫ 0 ) = (n 2 − 1)/(n 2 + 2) for which one would obtain a value close to 2i near the resonance of the quantum emitters. It is important to note that we have not taken into account cooperative effects. These effects could have a significant impact on the dipole force and consequently polarisability ratio η.
B. Color centers in diamond: silicon-vacancy centers
Let us consider a levitated nanodiamond (ND) [43] [44] [45] for its remarkable optical properties and the large variety of color centers they have [46, 47] , which act as quantum emitters. In particular, the silicon-vacancy (SiV) centers, consisting of a silicon atom and two adjacent vacancies, have the following favorable properties for achieving N η ≫ 1: i) strong dipole moment [48] , ii) high-densities [48] , and iii) very good indistinguishability of different SiV [49] .
The polarizability of the quantum emitters varies linearly with the intensity of the incident field for small intensities (Ω 2 ≪ γΓ) leading to a constant ratio η. For larger intensity, this ratio decreases due to saturation effects from the quantum emitters. The incident intensity also has an impact through the dependence of the emitters with the internal temperature of the ND [50] (see Appendix A 2). In the context of levitation, this effect is important as the ND can reach high temperatures even with low intensities, see Fig. 1 . In order to account for this effect, the internal energy of the ND is obtained as a function of the absorption rate of the incident laser photons, γ l , the absorption rate of the black body radiation of the environment, γ a , and the black body emission rate, γ e , is given by [52] 
where T i is the internal temperature of the ND, m its mass, and c m its specific heat. For an incident laser of intensity I and frequency ω, and an environmental temperature T e , these rates are given by
The steady state temperature (Ṫ i = 0) is determined as a function of the incident laser intensity (see Fig. 1 ) using the rate-balance equation for the internal energy (Eq. (5)). Accounting for the temperature dependence of the linewidth, lifetime and transition of the SiV centers, see App. A 2, the total quantum polarizability for a ND containing a large density of centers clearly overcomes the bulk polarizability for low intensities (see Fig. 1 ).
The internal temperature will be largely modified by the non-radiative properties of the embedded quantum emitters which we have not accounted for here. In particular, the main contribution will be from the limited quantum efficiency of SiV centres and, to a lesser extend, from its emission in the phonon sidebands. In addition, it is important to note that the experimental values used to estimate the emissivity of the diamond (see Appendix A 1) are limited to the 2.5-6.5µm range leading to an underestimated black body emission rate. The internal temperature of the nano-diamond could be further reduced by coating its surface with a small layer of glass [44] providing much higher emissivity in the infra-red. By achieving much lower internal temperatures, the optical properties of the SiV centers will significantly improve.
III. NEAR-FIELD OPTICAL TRAP
In the following we assume that the quantum polarizability dominates N η ≫ 1 and discuss in a general way how this can be used to levitate a dielectric nanosphere in evanescent fields. In analogy to bichromatic atomic optical traps [53] [54] [55] , we consider an evanescent field in vacuum of the form:
The exponentially decaying electric field amplitudes are given by E 1(2) (r) = E f (x, y)e −Λ 1(2) z , where Λ 1(2) is the field decay rate and E f (x, y) the field amplitude at the dielectric surface. The polarization of each mode is given by ǫ 1(2) and φ is the phase difference between the two modes at t = 0. This field can be obtained from a nanofiber and is different from the cavity field which will provide the back-action. We consider the symmetric driving ω 1 = ω 0 − ∆ and ω 2 = ω 0 + ∆ with ∆ > 0 and define the beating frequency δ = ω 2 − ω 1 = 2∆. We are interested in the interaction of such field with a two-level quantum emitter when far-detuning or weak driving for the two modes is not assumed. This is an unusual scenario for most of the atomic trapping experiments with evanescent fields [5] ; notwithstanding, this was studied before both experimentally and theoretically, see for instance [56] [57] [58] [59] [60] and reference therein. One can analytically calculate the time-averaged dipole force considering that the beating is much faster than the dynamics of the mechanical motion. This is done solving a recursive equation obtained with a Floquet analysis. As shown below, one encounters that the total dipole force is not simply the sum of the forces that each mode would exert in the absence of the other mode but a more involved expression containing mixing terms that reflect the intricate interplay between the red and blue driving fields.
In particular, for a bichromatic field (Eq. (9)), the Hamiltonian of the system in the rotating frame defined by the unitaryÛ (t) = exp [iω 1 |e e| t] readŝ
Here d eg = e|d|g and r is the position of the two-level system. Applying the rotating wave approximation (valid provided ∆ ≪ ω 0 ) this Hamiltonian can be written aŝ
where we have defined
which is also assumed to be real, and Ξ(r) = Ω 2 (r)/Ω 1 (r). Hereafter we omit the r dependence to ease the notation. Assuming that the internal electronic dynamics of the two-level system are much faster than the motional dynamics (Born-Oppenheimer approximation), the force is given by
where the expected values are calculated for the electronic steady state. Following [57] the steady state solution can be expanded as a Fourier series in terms of δ (Floquet's analysis) such that
The
Then, by further assuming that δ is much larger that the motional frequency (secular approximation), one can time-average Eq. (13) for the steady state to obtain
Note that the time-averaged population of the excited state p e will be given by
In addition, Eq. (17) leads to the following recursive equation for w n
where
By obtaining the set of w n on can readily calculate u n and v n . This recursive equation can be exactly solved by fixing a cutoff N ≥ 0 such that w N +1 = w −N −1 = 0. The value of N is chosen such that the value of the physical quantities that are calculated converge.
In the lowest order in the Floquet analysis, namely for N = 0, one obtains:
We defined
The population of the excited state of the quantum emitter is given by p e = [1 − (1 + s 1 + s 2 ) −1 ]/2. The total optical force exerted on the nanosphere can then be estimated by using F T ≈ N F q + F s , with F s (r) = α s E 0 (r)∇E 0 (r)/2 the optical dipole force due to the bulk polarizability.
In order to achieve near-field levitation, the bluedetuned field (∆ > 0) provides repulsive optical forces to prevent the nanosphere from adsorbing to the surface producing the near-fields. Consequently it is necessary to account for the Casimir-Polder force to fully capture the trapping potential. In order to simplify the calculation, we have approximated the surface as a semi-infinite half space of dielectric material with dielectric constant ǫ (ω). The Casimir-Polder potential for an object of polarizability α(ω) at a distance z from the surface takes the form [61, 62] :
For the polarizability of the quantum emitters with a transition frequency ω 0 we use α q (ω) = 2d
For a dielectric sphere of refractive index n and volume V we use α s (ω) = 3ǫ 0 V (n 2 − 1)/(n 2 + 2). Considering silica for the semi-infinite half spaces, see Appendix and [63] , one can numerically calculate the Casimir-Polder force. The total Casimir-Polder potential for a nano diamond containing N quantum emitters is obtained as
Finally, one can then estimate the total force exerted on the nanosphere by using
3: Schematic illustration of the general scenario that is considered: a dielectric nanosphere with a set of two-level quantum emitters is trapped using a bichromatic evanescent field at a distance z from a surface. In the inset of the figure the level structure of an individual quantum emitter of transition frequency ω0 and excited state linewidth γ is illustrated. The transition is driven by a bichromatic field with symmetric red and blue detuning ∓∆ > γ, with Rabi frequencies Ω1 and Ω2, respectively. The cavity field mode with vacuum Rabi frequency Ωc is detuned by ∆c > γ.
Here F cp = −∇U cp is the Casimir-Polder force and F g is the gravitational force along the z-axis.
The most efficient near-field trap is obtained using the optimal detuning, |∆| = γ[1 + Ω 2 /(γΓ)] 1/2 , for the quantum emitters to maximize the polarizability ratio η. The trapping potential for the particular case of a 30 nm ND with embedded SiV centers is shown in Fig. 2 . The possibility to levitate the nanosphere using near-fields, which provides much stronger optical forces, allows the use of low intensities and thereby the reduction of heating observed when using a focused Gaussian beam [64] . The dephasing of the SiV, varying as the cube of the internal temperature [50] , remains sufficiently low to obtain a total quantum polarizability much larger than the bulk polarizability. On a practical level, the trap depth is particularly adapted to the use of mobile optical fiber traps as they provide a cooling of the center-of-mass motion down to 30 K with a relatively simple apparatus [65] . The experimental parameters are described in Appendix A 3.
IV. CAVITY OPTOMECHANICS
A. Optomechanical coupling
Let us now address the optomechanical coupling between the levitated nanosphere and an optical cavity mode (see Fig. 3 ). This is achieved by placing the sphere in the evanescent field of an optical microcavity mode with frequency ω c and creation (annihilation) operatorâ † (â). The total Hamiltonian is then given by: 1/2 / and Λ c the decay rate of the cavity's evanescent field. Here V c is the cavity mode volume,ẑ = z zp (b † +b) is the displacement operator along the z-axis from the equilibrium position z t , with z zp the zero point motion, and ω t the mechanical frequency. The coefficient ξ accounts for the particular mode shape and polarization type of the cavity such that
1/2 is the vacuum field at the cavity/vacuum interface [66] . By further assuming |∆ c | > γ ≫ Ω c one can make a Schrieffer-Wolf transformation to obtain
Since Ω 2 c /(4∆ c ) ≪ γ, the atomic level shift due to the cavity field will be irrelevant and thus can be safely dropped. By Taylor expanding the vacuum Rabi frequency around the equilibrium position, one obtainŝ
By considering that the single-photon coupling g 0 is much smaller than the frequency of the internal dynamics one replaces the σ z by the σ z = w 0 calculated in the steady state considering the bichromatic driving. Therefore we arrive at the final single-photon optomechanical coupling Hamiltonian
where the single-photon optomechanical coupling due to N quantum emitters is given by:
Note that the coupling due to the quantum emitters would vanish should the quantum emitters be totally saturated (p e = 1/2), leaving only the contribution due to the bulk polarizability from the nanosphere [20] .
B. Resolved sideband regime
In order to cool down the center-of-mass of the mechanical mode into the ground state using the optomechanical coupling to the cavity [67] [68] [69] one requires the resolved sideband regime ω t κ. In this context, the use of evanescent field provides much stronger gradient compared to focused Gaussian beams, allowing for larger mechanical frequencies. To verify that the resolved sideband regime can be reached, it is necessary to consider the impact that quantum emitters have on the optical quality factor through the scattering of cavity photons. For N emitters, this is given by
Here, we assumed the saturation parameter from the cavity vacuum field is much smaller than 1,
In order to reduce this effect, we used a far detuned cavity, taking advantage of the excellent optical property of fused silica in the near infrared (see Appendix A 4). The cavity loss rate is then obtained as κ = 2πc/(Qλ cav ) + κ sc .
By maintaining the ND away from the cavity surface, the impact of the embedded quantum emitter on the quality factor allows to maintain a strong optical trap in the resolved sideband regime with an optomechanical coupling comparable to the state of the art (see Fig. 4 and Appendix A 5). Upon reaching a low center-of-mass temperature, the coupling can be further increased by using lower intensities, i.e. smaller dephasing (by maintaining a low internal temperature). As illustrated in Fig. 4 , the coupling can be varied by one order of magnitude by changing the total intensity while remaining in the resolved sideband regime. Since the position of the nanodiamond is not changed, the optomechanical coupling decreases for large intensities due to the increase of both the internal temperature and the excited state population.
Another advantage of such bi-chromatic evanescent + I2) , the position of the 30 nm ND can be controlled in order to the reach the optimum optomechanical coupling. As the ND is brought close the cavity, the cavity scattering losses is greatly increased by the presence of the quantum emitters.
trap resides on the possibility to accurately control the position of the ND by simply varying the ratio of intensity between the two fields. Consequently, it is possible to further increase the optomechanical coupling by placing the ND closer to the cavity. Fig. 5 illustrates the evolution of the optomechanical coupling as a function of the intensity ratio. For each point, the total intensity is the lowest one still maintaining the resolved sideband regime. As the intensity of the repulsive field is increased, the ND is pushed further away from the nanofiber, i.e. closer to the cavity. This allows to increase the optomechanical coupling up until the cavity scattering losses reach values comparable to the unloaded cavity losses. For shorter cavity-ND distances, the ratio of the optomechanical coupling to the total scattering losses is reduced. In addition, higher intensities are required to achieve the resolved sideband regime, which increases the population of the excited state p e and hence reduces the coupling (Eq. (33)).
C. Strong single-photon optomechanical cooperativity
The challenging strong-single photon optomechanical coupling regime is achieved when g 0 κ, Γ m [6] , where κ is the decay rate of the optical cavity mode and Γ m is the decoherence of the center-of-mass mechanical motion. The leading contribution to Γ m in optically levitated nanospheres is the recoil heating due to scattering of photons [8, 10, 70] . In our case there will be the additional and dominant contribution due to scattered photons from the quantum emitters. One can estimate that
m , where the contribution from the quantum emitters is [71, 72] 
sc with the scattering rate from a single quantum emitter being R q sc = Γp e , and the contri-bution due to the bulk polarizability [8, 10, 70] 
One can now define the single-photon optomechanical cooperativity C = g 2 0 /(κΓ m ). We show below that by taking advantage of the quantum polarizability from quantum emitters embedded in the nanosphere, it is possible to obtain the strong single-photon optomechanical cooperativity regime C > 1 while maintaining the resolved sideband regime.
In order to reduce the impact the quantum emitters have on the cavity losses, large detunings can be used to trap the ND. This approach, inspired from the faroff-resonance trapping (FORT) for cold-atoms [73] , relies on the use of a far detuned near-field trap to reduce the excited state population p e . In this case, one constrain remains: the force from the quantum emitters should remain larger than the bulk one in order to provide bluedetuned repulsive fields. Another consequence of this configuration is the important reduction of the overall forces. To compensate for this, we propose to use an additional blue-detuned field from the microsphere cavity. Such field plays the role of the red-detuned field from the nano-cavity in preventing the ND from falling on the cavity under the Casimir-Polder forces. By using a farof-resonance blue-detuned field, one can achieve a much stronger field gradient, further improving the trapping efficiency. Despite the added complexity of using trapping fields from both the nano-fiber and the cavity, this configuration allows for maintaining the resolved sideband regime while significantly reducing the population of the excited state by using a large detuning. In particular, Fig. 6 shows the trapping potential (see Appendix A 6 for the experimental parameters). The 30 nm ND is then maintained in the near-field of the cavity allowing to reach both the resolved sideband regime and the singlephoton strong cooperativity C 1, see Appendix for the set of experimental parameters.
V. CONCLUSIONS
In this article we have shown that the polarizability given by a set of quantum emitters embedded in a nanosphere can overcome its bulk polarizability. This immediately allows to use repulsive optical forces and levitate a nanosphere using evanescent fields. We have then discussed how this can be used for levitated quantum optomechanics using an evanescent coupling of the center of mass of the nanosphere with a microcavity mode. Due to a large polarizability to mass ratio, large cavity field mode gradient, and a smaller cavity mode volume, one could achieve the strong single photon cooperativity in the resolved sideband regime. A case study has be FIG. 6: Trapping potential for a 30 nm ND using two bluedetuned fields. Two blue-detuned fields, one from the nanofiber and from the cavity are used to trap the ND. The large detuning, |∆| = 1 × 10 15 Hz, allows to maintain a very small excited state population (see Appendix A 6 for the experimental parameters). To provide confinement on the transversal dimensions, an additional weak red-detuned field from the nano-fiber can be used.
done considering a nanodiamond with a high density of embedded SiV color centers at room temperature. Also, this work could be extended to a recently discovered color center in diamond, the germanium-vacancy center [76] , as it provides significantly better optical properties at room temperatures.
We remark that as suggested in the recent experiments reported in [4] , collective effects from the high-density of quantum emitters embedded in the nanodiamond seem to be relevant. In particular, these effects could significantly modify the dipole force acting on the quantum emitters but also the total radiative emission of the emitters. The latter is a key point since otherwise the imperfect quantum efficiency of single quantum emitters could heat up the nanodiamond to unfeasible temperatures. The theoretical understanding and potential applications of collective effects in this scenario, namely a levitated sphere smaller than the optical wavelength with such a highdensity of quantum emitters that dipole-dipole interactions have to be taken into account [74, 75] in addition to inhomogeneous broadening, is a very interesting and challenging further research direction that will be addressed elsewhere.
• Cavity scattering losses: Q −1 s.s. = 6.6 ×10
18 [79] .
• Cavity material losses: Q • Decay rate of the cavity mode:
κ/2π = ω c /(2πQ) = 18.3 × 10 3 Hz.
• Cavity volume: V c = 820 µm 3 .
